Abstract: The focus is on the combined design optimization of the transmission design and control design for an electric vehicle. In literature, these design problems are treated separately, whereas combining both mathematically coupled design problems into an integrated problem improves optimality. A shiftable transmission, e.g., a continuously variable transmission (CVT), allowing a smooth and continuous transition between the powertrain operation points further optimizes the energy usage, yet also allows further the reduction of the electric machine (Nm/W) and transmission specifications (overall speed ratio) in comparison with an optimized fixedgear transmission. Moreover, a CVT enables for autonomous driving electric vehicles to further increase the driving range without compromising the vehicle performance. The influence of the transmission type, losses and driving conditions (average speed) are investigated for an EV of which the travelled distance, velocity and speed ratio (for the CVT) are the controlled states.
INTRODUCTION
In literature, the research interests on the topic of codesign, or the integrated design of the plant artefact (hardware) and the control system (software) are increasing due to the increase of design complexity. In particular, for systems that have a strong mathematical coupling between the hardware and the software objectives and/or constraints as is the case with advanced hybrid and electric powertrains do require an integrated system design approach to achieve a global optimal design (Allison and Nazari, 2010).
Combined transmission and control design
Here, the focus is on the integrated design of the transmission system and control system for an electrical vehicle (EV). For the transmission system, two systems are selected, i.e., a fixed-gear (FGT) and a continuously variable transmission (CVT). Both transmission systems are optimized together with the electric machine (EM) size (maximum torque, power specification) and the travelled distance, vehicle velocity and speed ratio (for the CVT), as the controlled-state variables. In literature, some papers focus on the control design (Dib et al., 2014) or the transmission design individually, (Hofman and Dai, 2001) , and, clearly, prove (battery) energy-saving potential by optimally controlling the vehicle velocity ('eco-driving') for a fixed powertrain design, or optimizing the transmission design (ratio coverage, or gear values) on a fixed (reference) drive cycle. This paper contributes on investigating mathematically the co-design problem, thereby, the problem is formulated as a nested (bi-level) optimization problem. In the outer layer (upper level), the transmission design is optimized and in the inner layer (bottom level), the control optimization is performed. The control design is for both transmission systems formulated as a twopoint boundary value problem (TPBVP). For the CVT design case, an extra control input is defined with the gear speed ratio change. Pontryagin's Minimum Principle (PMP) (Pontryagin et al., 1962) is used for solving the problem, which will show that the CVT gear speed ratio as additional controlled state creates a 'bang-bang' type of control of the speed ratio due to singularities. A smoothing function is used to circumvent this problem, preventing that higher order derivatives of the Hamiltonian have to be considered in solving the problem. The paper organization is as follows, first, the control design problems (including the smoothing function) for both transmissions will be introduced in Section 2. This section starts with the modeling of the power train losses and the vehicle dynamics modeling for the EV. Accordingly, the co-design problem in Section 3; and, the influence of the transmission type, CVT losses and the driving conditions (average vehicle speed) on the optimal design (torque scale EM) and minimum energy consumption and control are investigated in Section 3.1, respectively. In the final Section 4, the conclusions and outlook will be summarized.
OPTIMAL CONTROL PROBLEM FOR AN ELECTRIC VEHICLE
Below the optimal control problem (OCP) for an EV with a fixed-gear (FGT) and a continuously variable transmission (CVT) will be introduced. The CVT is assumed to be of the pushbelt variator type (Vroemen, 2001) . First, the power train loss model and the vehicle dynamics model will be briefly discussed.
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Powertrain loss model
The focus is on energy consumption minimization, therefore, a powertrain model for the electric vehicle needs to be derived. Here, as in a similar fashion in (Dib et al., 2014) , an energy usage function is formulated, but extended with additional loss terms to capture additional characteristics.
Since, using the model from (Dib et al., 2014) , would result in optimal speed ratio transmission design with an operating point with the angular velocity of the motor as large as possible and the torque of the motor as small as possible. Therefore, another simplified model is used here (Larminie and Lowry, 2003) that describes the machine input power, P m as a function of the summation of the delivered motoring power, the friction, electric resistance, iron, windage power losses and a constant power loss term, respectively.
where ω and τ are the angular velocity and output torque of the motor in (rad/s) and (Nm) as a function of time t in (s). The parameters b i can be used to fit the model onto the efficiency data. Without loss of generality, the efficiency data (incl. power electronics) of a 32-kW / 59-Nm (max. spd. 7000 rpm) permanent magnet motor controller (PMMC) combination from ADVISOR is used (Wipke et al., 2002) . The efficiency of the PMMC can be calculated with,
(2) with α(t) = (τ (t)·ω(t))/P m (t). The cost function, denoted as J, resulting from Eq. (1) is formed by its integral,
which is used to optimize the energy consumption of the EV (also regenerative braking is considered) starting at t = 0 s and ending at a fixed time t = T s. Note depending on the transmission type, FGT or CVT, r depends on time t or not. The transmission ratio is defined as, respectively,
where the CVT operation range is limited between an underdrive r max and an overdrive value r min . The sizing of the efficiency map is considered by using torque s τ and speed scale parameters s ω , whereby the efficiency and (maximum) power of the motor (and power electronics) is assumed to scale accordingly,
For simplicity, the battery losses are left out of consideration.
Vehicle dynamics model
The vehicle load is determined by the rolling resistance, air drag losses and gradient resistance, respectively. Using Newton's second law of motion, the acceleration of the vehicle can be expressed as,
with the parameters h i defined as,
These parameters depend on the gravitational acceleration, g, rolling resistance coefficient, c r , air density, ρ, frontal vehicle area, A, air drag resistance coefficient, c d and the vehicle mass, m respectively. The vehicle mass is determined by the powertrain design parameters ξ p = {s τ , s ω , r t } for both the FGT and the CVT system. The fixed-gear ratio value for the CVT is related to the final drive ratio. The slope, θ determines the gradient resistance and is influenced by the travelled distance over time, d(t). The transmission efficiency loss is modelled by a constant torque loss τ 0 . The transmission efficiency becomes,
with β(t) = 1 − τ 0 /τ (t). Besides, the travelled distance d and the velocity v, the speed ratio r can also be seen as an additional controlled-state variable. This holds for the CVT, however, not for the FGT, as will be discussed next.
Optimal control problem: CVT, FGT
Here, the OCP for a pushbelt CVT, P CV T and, accordingly, a FGT, P F GT , is discussed. The goal is to compare the results of both transmissions to see if using a shiftable transmission is beneficial for the energy consumption of the EV. Initially, the CVT is assumed to be lossless, i.e., τ 0 = 0 Nm for simplicity. The control objective is to find the admissible optimal controls over time ξ * c (t) consisting of the torque request u 1 and the speed ratio change command u 2 , as inputs u(t) : [0, T ] −→ U ⊆ R m ; and, the travelled distance x 1 , velocity x 2 and speed ratio x 3 , as controlled-states x(t) : [0, T ] −→ X ⊆ R n that minimizes the energy J used by an EV under time and distance constraints from the beginning t = 0 s to the fixed end time t = T s, resulting in x 1 (0) = 0 m and x 1 (T ) = D m. Thereby, the controls u are constraint to maximal and minimal values. Moreover, the torque constraints (u 1,min , u 1,max ) for the machine are affected by the torque scaling factor s τ . The velocity x 2 (t) and the speed ratio x 3 (t) are both constrained due to physical limitations of the electric machine ω max · s ω . Finally, the vehicle velocity x 2 is given to be zero (standing still) and the transmission ratio x 3 to be maximal (underdrive situation) x 1 (t) = x 2 (t) = v(t),ẋ 3 (t) = u 2 (t) =ṙ(t) x 2 (t) = h 3 (x 3 (t)) u 1 (t) − h 2 x 2 (t) 2 − h 1 (x 1 (t)) − h 0 U : u 1 (t) − u 1,max · s τ ≤ 0, u 1,min · s τ − u 1 (t) ≤ 0 u 2 (t) − u 2,max ≤ 0, u 2,min − u 2 (t) ≤ 0 X :
x 2 (t) · x 3 (t) − ω max · s ω · r w ≤ 0 x 3 (t) − x 3,max ≤ 0, x 3,min − x 3 (t) ≤ 0 x 1 (0) = 0, x 1 (T ) = D, x 2 (0) = x 2 (T ) = 0 x 3 (0) = x 3 (T ) = x 3,max (9) The set X ∩ U ⊆ R n ∩ R m is defined by control and state constraints, as defined above.
Necessary conditions for optimality
Using the theory from PMP, the Hamiltonian, denoted as H, of the OCP is defined as, Proceedings of the 20th IFAC World Congress Toulouse, France, July 9-14, 2017 
